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Abstract 
This paper considers a design method of nonlinear time-variant variable structure control system with 
uncertainty and parameter perturbation. First, a state-dependant differential Ricatti equation (SDDRE) is 
given, then a sliding sector is designed with the solution of this SDDRE. Using the sliding sector, a 
control law is designed such that the system state enters the sliding sector in finite time, and inside the 
sliding sector a Lyapunov function decreases respect to the system state, system can be stabilized globally 
and quadratically with the control low. An example is also given to show the validity of theoretical results. 
© 2011 Published by Elsevier Ltd. 
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1. Introduction
The interest of researchers in developing variable structure systems were focused in 1960s, it has been
further increased by being used in robust control, adaptive and model reference systems, tracking, and 
state observes [1], [2]. In design of control system, a switching surface and a switch law will be 
considered such that the switching surface will be reached in finite time [3]. This technique provides a 
framework for designing a control surface to guide the system to a specified goal.  
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For linear systems, in [4], by solving an algebraic Ricatti function without the requirement of classic 
forms, a switching surface was designed immediately such that a Lyapunov function reaches in finite time, 
but only linear system was considered in [4]. In [5], a variable structure convex programming based 
control for a class of linear uncertain systems with accessible state is presented, the system contains only 
state parameter perturbation, and there were not input parameter perturbation and input uncertainty in the 
system. Instead of a sliding mode, a subset of state space named sliding sector was given in [6] inside 
which the Lyapunov function candidate decreases with the zero input, then a sliding sector control law 
was designed such that the system state moved to the sliding sector in finite time and thus the system was 
stabilized quadratically. 
On the other hand, [7] considered a variable structure control algorithm of a nonlinear time-variant 
systems, a sliding sector was given using the solution of a state-dependent differential Riccati function, a 
VSC law was designed such that the system state enter into the sliding sector in finite time and a 
Lyapunov function decreased in it. However, [7] did not consider the system with parameter perturbation. 
In this paper, we consider a nonlinear time-variant variable structure control system with uncertainty 
and parameter perturbation which can be described by a state-dependent linear time-variant system. Three 
assumptions is provided which system satisfies. Under those assumptions, a SDDRE is redesigned and 
used to construct a sliding sector. Then a control law is given with respect to the sliding sector such that 
the system outside the sliding sector will moved inside it in finite time and a Lyapnov function will 
decrease with the control. The system is stabilized quadratically and globally. 
This paper is arranged as follows: Section II represent the problem and give quoted define and theorem; 
Section III proposes the main result in this note, finally, the Section VI gives an example to show the 
validity of the theoretical results. 
2. Problem Formulation 
Consider a single-input nonlinear time-variant system with a parameter perturbation and a matched 
uncertainty described by the following functional differential equations: 
( , ) ( , ) ( , )( ( , ))x f x t f x t g x t u d x t= + Δ + +&                                                 (1) 
where nx R∈ is the state,  is the single-input vector, 1u R∈ ,nx R∀ ∈  and , ( , ) ,kt R f x t C+∈ ∈ ( , )g x t
, ,  the perturbation kC∈ ( , )g x t 0≠ ( , )f x tΔ  involves all matched uncertainties in ( , )f x t , while the 
uncertainty  includes the parameter uncertainties and external disturbances. ( ,d x t)
Assuming that , , and that t R+∈ (0, ) 0f t ≡ ( , )f x t  is continuously differentiable, then the nonlinear 
time-variant system 1 can be represented in the form of state-dependent linear time-variant (SDLTV) 
system 
:   [ ( , ) ( , )] ( , )( ( , ))x A x t A x t x B x t u d x t∑ = + Δ + +&                                         (2) 
where ( , ) ( , ) ,f x t A x t x= ( , ) ( , ) ,f x t A x t xΔ = Δ ( , ) ( , ) ( , ) ( , )A x t E x t x t F x tΔ = Δ , .
and
( , ) ( , )B x t g x t= ( , )E x t
( , )F x t  are in suitable dimensions. 
In previous papers [5]-[7], parameter perturbation was not considered, in order to give some important 
results, we need the following assumption. 
Assumption 1: The uncertainty  is bounded as ( , )d x t
| ( , ) | ( , ) ( ).  ,nd x t q x t x p t x R t R+≤ + ∀ ∈ ∀ ∈                                                (3) 
with known positive functions  and , where ( , )q x t ( )p t ⋅  denotes the 2-norm of vector. 
Assumption 2: The disturbances ( , )x tΔ  in the parameter perturbation is bounded as 
( , ) ( , )T x t x tΔ Δ ≤ I                                                                    (4) 
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where I  denotes the unit matrix with proper dimension. 
In this paper, a variable structure control law was given to stabilize the system (2) globally which exist 
matched parameter uncertainties and external disturbances. 
For an LTI system, an LTI sliding sector is given as a subset of the state space such that a Lyapunov 
function keeps decreasing inside the sliding sector. Similarly, a nonlinear time-varying sliding sector for 
the system (2) is defined as follows [7]. 
Definition 1: An NTV (SDLTV) Sliding Sector for the system (2) is defined on the state space asnR
22( ) { | ( , ) ( , ), , }nS t x s x t x t x R t Rδ += ≤ ∈ ∈                                                  (5) 
inside which a Lyapunov function candidate defined by 
( ) ( , ) 0, ( 0),T nV t x P x t x x R x t R+= > ∀ ∈ ≠ ∀ ∈                                              (6) 
decrease with a VSC law and its derivative along the trajectory of the SDLTV system (2) satisfies 
( ) ( ( , ) ) ( , ) , ( )T Td dV t x P x t x x R x t x x S t
dt dt
= ≤ − ∀ ∈                                           (7) 
where  is a symmetric positive semi-definite matrix function, ,( , ) n nR x t R ×∈
, ), ( , ))
( , ) ( , ) ( , )TR x t C x t C x t=
( (A x t C x t is an observable pair for all nx R∈  and , and the SDLTV switching function 
ψ(ψψψψ) and the square root 
t R+∈
( , )x tδ  of the state-dependent time-varying quadratic function 2 ( , )x tδ  are 
determined  
( , ) ( , ) , ( , ) ;l ns x t S x t x S x t R ×= ∈                                                               (8) 
( , ) ( , ) , ( , ) 0.Tx t x x t x x tδ = Λ Λ ≥                                                         (9) 
In the paper, a NTV sliding sector for the system (2) will be provided, and a VSC law used in the 
sector should be projected such that the Lyapunov function (6) decreases in it. 
Lemma 1: For a Single-input time-variant nonlinear system (2), if the pair ( ( , ), ( , ))A x t B x t
,n
  is 
controllable and ψis a symmetric positive defined matrix for all( , )Q x t x R t R+∈∈ , then a symmetric 
positive defined matrix exists which satisfies the state-dependent differential Riccati equation 
defined as follows: 
( , )P x t
( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , )T TP x t P x t A x t A x t P x t P x t B x t B x t P x t Q x t= + − +&                       (10) 
with the initial condition ψinstead of the boundary condition. 0 0( ( ), ) 0P x t t >
This lemma given in [13][14] plays important roles in the note [7], which was proposed to design a 
nonlinear time-varied sliding sector in which the Lyapunov function decreased. Using the solution of 
SDDRE (10), we can give the nonlinear time-variant control law: 
( , ) ( , ) ( )Tu B x t P x t x t= −                                                                          (11) 
Lemma 2 is also proved using the control law (11) and the result of lemma 1 [7]. 
Lemma 2: Supposed ψ(ψψψψ) is the solution of SDDRE (10) with a symmetric positive defined matrix 
 for allψ( , ) 0Q x t > ,nx R t R+∈ ∈ , and there exists a symmetric semi-positive ( , )Q x t  defined matrix 
ψψsuch that ( , )t C x t C x t=) ( , ) ( ,TQ x , in which ( , )C x t  satisfied ( ( , ), ( , ))A x t C x t  is observable, 
( , ) 2 ( , ) ( , )Q x t P x t Q x t− = −& −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−)
then the control law (11) stabilizes the system (2) with  and  globally and 
quadratically. 
( , ) 0d x t = ( , ) 0A x tΔ =
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( , ) ( , ) ( ) ( , )( )
( ) ( , ) ( )
( ) ( , )
3. Main Result 
In this suction, the main result of the note is given. We consider the state-dependent linear time-variant 
system (2) with parameter perturbation and uncertainty. In order to simplify the problem, the parameter 
perturbation should be isolated, so the state-dependent linear time variant system (2) can be represented in 
the form: 
x A x t x E x t w t B x t u d
w t x t v t
v t F x t x
= + + +⎧⎪
= Δ⎨
⎪
=⎩
&
                                (13) 
Assumption 3: For allψ ,nx R t R+∈ ∈ , , there exists a ( , ) ( , ) ( , ) ( , ) 0T TB x t B x t E x t E x t− ≥ ( , )B x t  so 
that ( , ) ( , ) ( , ) ( , )T Tx t B x t E= − ( , ) ( , )Tx t E x tB x t B x t B and the pair ( ( , ), ( , ))A x t B x t  is controllable. 
Remark 1: Using the lemma 1, the solution of SDDRE as follows exists: 
( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , )T TP x t P x t A x t A x t P x t P x t B x t B x t P x t P x t E x t E x t P x t= + − +& T
( , ) ( , ) ( , )TQ x t F x t F x t+ +                                                     (14) 
Theorem 1: For the system (13) satisfying assumption 1, 2 and 3, if: 
1) For a symmetric positive define matrix , the symmetric positive define matrix is
the solution of SDDRE (14), and the Lyapunov function is created with ;
( , ) n nQ x t R ×∈ ( , )P x t
( , )P x t
2) there exists a positive defined matrix ( , )Q x t  satisfying the formula (12) given in lemma 2; 
then the NTV sliding sector can be given as 
( ) { |  | ( , ) | ( , ), , }nS t x s x t x t x R t Rδ += ≤ ∈ ∈ ψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψ
ψψ (15) 
where theψ ( , )x tδ , the switching function ( , )s x t and the variant structure control used in the sliding 
sector are defined as follows, 
( , ) ( , ) ( , )Ts x t B x t P x t= ψψψψψψ ( , ) ( , ) ,   (0,1)Tx t x rQ x t x rδ = ∈ ψψ
( , )sgn( ( , )).iu k x t s x t= − ψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψ
ψψψψψψψψψψψ(16) 
Here, is a positive function satisfying: ( , ) sgn( ( , ))ik x t s x t
( , ) ( , ) ( ),      for all ,nik x t q x t x p t x R t R
+≥ + ∈ ∈
( , ) ( )q x t x p t+  is the bound of  given in assumption. ( , )d x t
The proof of the theorem 1 is easily to be got. 
According to the Theorem 1, when the state is inside the nonlinear time-variant sliding sector (15), 
with the control law (16), the Lyapunov function along the trajectory of system (13) decreases. Therefore 
if some control can be chosen outside the sliding sector, which can make the system’s state moves inside 
the sliding sector in finite time, i.e. 2 2( , ) ( , )s x t x tδ≥ , the system (13) can be realized stable globally and 
quadratically with the variant-structure control law. 
Theorem 2: For the system (13) satisfy assumption 1, 2 and 3, if: 
1) ( , )x tα and ( , )x tβ  are scalar function defined as 
( , ) ( , )( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , )T T T TB x t B x tx t x P x t B x t P x t x P x t A x t B x t P x t A x t x
x x
α
∂ ∂⎛ ⎞
= + + +⎜ ⎟∂ ∂⎝ ⎠
ψψψ(17) 
( , )( , ) ( , ) ( , ) ( , ) ( , ) ( , )T TB x tx t x P x t B x t B x t P x t B x t
x
β ∂= +
∂
ψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψ
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ψψψψ (18) 
( , )x tβ ψis an invertible scalar function; 
2) is chosen as the boundary of the sum of uncertainty ψ(ψψψψ) and the parameter perturbation ( , )ok x t
( , )A x tΔ satisfied the condition as follows, 
( , ) | ( , ) | [ ( , ) ( , ) ( , )] ( )  for all ,nok x t x t E x t F x t q x t x p t x R t Rβ ε +≥ + + + ∈ ∈
where ψis a positive const. ε
3) the nonlinear time-variant sliding sector ψ(ψ) and the NTV switching function ψ(ψψψψ) are given in 
theorem 1, the sliding sector control law with the sliding sector is defined as follows, 
1( , )[ ( , ) ( , ) sgn( ( , ))] ( )
( , ) sgn( ( , )) ( )
o
i
x t x t k x t s x t x S
u
k x t s x t x S t
β α−⎧− +⎪
= ⎨
− ∈⎪⎩
t∉
ψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψψ
ψψ ψψψ ψ
then the system (13) is stabilized globally and quadratically with the control law (19). 
Consider the derivative of Lyapunov function along the trajectory of system (13), the proof of Theorem 2 
could also be got. 
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